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Atomic functions in nonparametric estimations of
probability density functions and their derivatives
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Nonparametric estimations of probability density
function (PDF) [1-3] and its derivatives are consid-
ered. New constructions of weight functions (WF)
[4, 5] with the compact support are offered and
proved, allowing to build admissible estimations,
both the density of probability and its derivatives 1st
and 2nd orders. The numerical experiment and the
physical analysis of its results confirm efficiency of
nonparametric characteristics estimation of stochas-
tic process.

1 INTRODUCTION

The urgency of application of nonparametric es-
timations [6, 7] in physical applications is caused
by simplicity of structure and possibility of their
use when the restored value is unknown. Therefore
the new mathematical apparatus of nonparametric
statistics received by means of theory of AF will
allow to estimate characteristics of investigated se-
quences without having the aprioristic parametrical
information.

2 CONSTRUCTIONS OF ADMISSIBLE WEIGHT

FUNCTIONS

Let X1, X5, ..., X,, is sequence of n samples of ran-
dom variable independent observations with un-
known PDF f(x). Its nonparametric estimation

is defined by
1 n
s ().

where h = h (n) is some sequence of positive num-
bers, lim h(n) = 0and K () is even function sat-
n— oo

(1)

isfying to normalization requirement

/O:O K(z)dz = 1,

Weight function is called ‘admissible’ if its Fourier
transform (FT) is nonnegative and no more than 1
for all real frequencies. Quality criteria of estima-
tion of f,(x) is an mean integrated square error.

K(I) € LQ.

If WF is admissible then mean integrated square
error of estimation received with its help can’t be
reduced simultaneously for all PDF's. Therefore will
consider of admissible WF construction on example
AF hy(z) [4]. The FT of AF h,(x) is

Let’s enter the function
chq(x) = ho(x) * he(z).

Repeating operation of convolution of (I — 1) times
will make function chg (z). It is obvious that

— > sin (w/a® :
chai—1(w) = (H M) , (2)

k=1

supp (cha,i(w)) = [

1/(a—1)

/ chou(x)der =1, 1=1,2,...
—1/(a—1)

Admissible WF will construct by means of spec-

trum expression

\IIT(W) = 1_(1_¢a (w))r/27 T:2747"'7

which positively and also no more than 1. Thus,
expression for calculation admissible WF is the fol-
lowing:

1 [ ,
K, (z)= o [m U, (w) e*dw. (3)
Here r = 2,4, .... For example

Ko2(x) = chei(x), Ko a(z) = 2chg1(z) — che 2 (),
K, 6(x) = 3chg1(x) — 3chg2(x) + cha s(z).

Admissible value estimation of f’(z) will receive in
the following form:

Df,(x hi (

(4)
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N, (z) = _dKr—l(x) r—=3.5 on time and frequency that is characterized time-
" de T frequency localization A = A, A, where
Similarly for the second derivative of PDF 1 o
. = e Ll
Dfo(x) = —5 < ) NG -
12 2
to= b ([ @ ofas)
2K (o) Ty @Il
M, (2) = ————22 1 =3,5,.... 1 o
de w* = / w |§(w)I* dfrdf,
Constructed WF have compact support and they [9(w )H

are infinitely differentiable. The view of weight

1/2
functions K, -(z) and also their derivatives are pre- A, = ( / / w—w*)? [Gw)]? dw) .
sented on Fig. 1. Hy )|

Support of WF (supp), and also effective support
T el suppp = {mwf(gc)”L2 =0.999P }. In the Table 1
physical characteristics of WF for various a and r
are resulted.

Table 1: Physical characteristics of K, () for
different a and r.
[ a [ 2 | 3 [ 4 [ 5 ]
r=2
Y3 1.720 | 2.693 | 3.815 | 4.787
vas | 1391 | 1444 | 1412 | 1.375
Yo -46.59 | -34.03 | -30.49 | -28.99

c d P 0.945 | 0.735 | 0.622 | 0.549
[PRaaa [ a1 A 0.502 | 0.508 | 0.513 | 0.518
: supp 4 2 4/3 1
] suppg | 2.029 | 1.233 | 0.898 | 0.708
4 : r=4
i T B N | 2581 | 4.114 | 5.610 | 7.181
e f Y4/3 1.232 | 1.236 | 1.240 | 1.229

. . . Yo -39.94 | -27.99 | -23.94 | -22.98
Figure 1: View of WF K|, ,(z) and also their P 0883 | 0682 | 0573 | 0.503

derivatives for (a,c,e): a = 2,7 = 2 and A 0544 | 0560 | 0574 | 0.585
(b;d, f): a=3,r=4 supp 8 4 8/3 2
suppp | 2.669 | 1.662 | 1.218 | 0.964

3 PHYSICAL PROPERTIES OF ANALYTICAL
TWO-DIMENSIONAL KRAVCHENKO-RVACHEV
WAVELETS Let’s consider an example of probability density es-

timation of random values X, sequence with the

For research of WF we will use the following modi- normal law of distribution

fied physical characteristics: width of spectral den- )

sity function (SDF) on level -3 dB (v3). Rela- fz) = 1 ox < (z—p) )7

tive width of SDF on level -6 dB (74/3 = 74/73). V2ro? 202

Maximum level of the SDF side-lobes (in dB) where mathematical expectation ;1 = 0.25, stan-

G(Wm, k) ; ;
g(wmi) » where wp, ), is ordinate  qa;4 deviation o = 0.5 (see Fig. 2a). On Fig. 2b-d

of k-th SDF local maximum differ main maximum the results of PDF estimation f,(z), and also its
Wmaz- Lo-norm of WF (P). Uncertainty constants first two derivatives for a = 2, r = 2 and n = 2500

4 NUMERICAL EXPERIMENT

Y9 = 201g max
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are presented. Let’s estimate of characteristics of
the distribution calculated on sequence, and also
from estimations. On Fig. 3a,b the schedules of
(u* — pn) and (0* — oy,) are resulted. Here p* =
z*,0* = A, if y(z) = fu(xz). Apparently from

(@) 1~ 0.2591

50 1000 1500 2000 | 2500 2 ] 0 1 2

a b

(‘l‘)l i,r ~0.2564 (@)

7~ 0.2557

(a):
n = 2500, (b—d): estimation of f,, (x), D f, (x)

Figure 2: Random values X,, sequence,

Dan(‘r)7a:27T:2

(1" = ) 10°

4
2|
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7 7

a b
Figure 3: Dependence of (a): (pu* — pin)
and (b): (0* —o0,) from increasing of n
(a=2,1r=2)

plots at increase of WF order, we receive more
smooth PDF estimation and at decrease more ex-
act calculation of mathematical expectation. The
Fig. 4 illustrates change of (¢* — 0,,) in depending
on parameters a and r. At increase a or r more
exact calculation o* is observed.

Figure 4: Dependence (0* — o) from (a): a
(r=2) and (b): r (a =2), n = 2500
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5 CONCLUSION

Thus, on the basis of the theory of AF the new
construntions of WS with the compact support are
offered. Admissible nonparametric probability den-
sity function estimations and its derivatives of 1st
and 2nd orders of random variables sequences are
constructed. Presence of function (3) parameters
allows to expand applicability of the offered esti-
mations to stochastic processes of the various phys-
ical nature. The carried out physical analysis con-
firms efficiency of the new nonparametric probabil-
ity density function estimations.
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