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We propose and justify a new system of Kravchenko

orthogonal wavelets {1% } constructed on the basis
of atomic functions (AFs) [1—6] invoking the ideas
and results of [1-8].

1. The task is to construct AF-based wavelets such
that the scaling function @(x) forms a collection of
closed embedded subspaces V,  LAR) (j € Z) gener-
ating multiresolution analysis (MRA) [1—4, 6-8],
which has the following properties:

i UV =L®R).

jeZ

(i) MV} = {0},
jeZ

(iii) fix) € V; = f(2x) € V), 1.

(iv) There exists a scaling function @(x) € ¥, such
that its shifts form a Riesz basis for V.

Property (iv) is a fundamental one. According to
[1, 6], the scaling function ¢(x) can be specified as a
function whose Fourier transform (f) () is a com-
pactly supported even function. Below, wavelets are
constructed using the atomic function up(?), since the
basic elements of the construction algorithm are trans-
ferred to other AF families [6].

2. Let ¥, be the subspace of L*([R) generated by the
shifts of @(x). For the functions ¢,(x) = ¢(x — n) to
form a Riesz basis [6—8] for V, it is necessary that the
following results hold true.

Theorem 1. The system {¢(x — n)}, . 7 obtained by
the shifts of a function ¢(x) € L*(R) forms a Riesz basis
of Vy < LA(R) if and only if there exist positive constants
A and B such that

A< Z|@(m+2nn)|233. (1)

nel
Moreover, the following theorem holds for the
orthonormal functions @,(x) = @(x — n).
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Theorem 2. The functions ¢,(x) = ¢(x — n) form an
orthonormal basis of V, € L*(R) if and only if

> oo +27n)* = 1. 2)
neZ
First, we search for a function y(®) = | (w)|* such

that its shifts y,(®) = y,(® + 27n) form a partition of
unity;,

Z x(o+2nn) = 1 3)
nel
and it satisfies the conditions

supp(fl®)) = [—%’5, ‘—?J

05 if ® = m.

According to the properties of up(7) [3],
Zup(t+n) = 1. 4
ne”

3. For the width of the flat top to be greater than or
equal to a half of the function’s support, we consider
the partial sum (Fig. 1a)

up!"(#) = up(r+ 1) +up(n) +up(r—1).  (5)
Next, we pass from the support supp(up|" () = [—2, 2]

to the support supp(up;" (7)) [—4—75 471

373

upy " (t) = up(zint+ 1) up(%ct) + up(zint— 1). 6)

We obtain a modified atomic function up;" (f) obey-
ing all the conditions that have to be satisfied by x(®)
(Fig. 1b).

I make the formal substitution r— ®: y(0) =

sum
up,

scaling function (f) (w), it is necessary to extract the
square root of y(m):

(o). To determine the Fourier transform of the

775
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Fig. 1. (a) Plots of (1) up} " (#) and (2) up(t + k), k = —1,0, 1. Plots of (b)upy " (®): (1) up, " () and (2) up(;— t+n ) k=—1,
T

0, 1; and (c) (f) (o) for the Kravchenko wavelet {Up (m)}.

®() = up(©)

= Jup(%cm + 1) + up(zina)) + up(zinoo - l). 7

The plot of (f) (o) for the new wavelets {ip (o)} is
shown in Fig. 1c. Therefore, the condition of Theo-
rem 2 is satisfied by construction. As proof, it is suffi-
cient to verify equality (2), which holds if

[ap(@)|* +p(0 -27)° = 1

on the interval ® € [2_7:) 4—71 .
3°3
Let us prove Theorem 2 for the Kravchenko wave-
lets {{1p (w)}. The left-hand side of (8) is decomposed

into a sum of up(e):

ip(o)” + fip(w-21) = “p(i}"’)

3 3
+ (—m+l)+ (—m—l)
up 271 up 21

+ up(%c(oa - 271)) + up(%c(m -2n) + l)

®)

+up(%c((o—2ﬂ:)— 1). )

Expanding the arguments in up(e), we obtain

[ap()|* + [Gp(o - 2m)|* = UP(ico) + up(im + 1)
27 27

3 3
+ (—-—0)—1)+ (——03—3)
P 2n P 21

vup(Zo-2)+up(2o-4).  (10)
21 2n

Formula (10) can be written as

4
@)+ (o -2m = Y uwp(Zo-n). a1
n=-1

According to property (5) of up(e),

[ap(®)|” + [0p(w - 21)|°

4
3
= Sw(Zo-n)| =1 (2
2 P g
Then
Z |(f)(03 + 2nn)2|w . [2_7[ 4_7[}
ner 373
: 3
= up(—(o—n) cam = L (13)
2 P57

which was to be proved.

The sum of functions (13) is plotted in Fig. 2a.

4. For the third MRA property to be satisfied, the
scaling equation

p() = #(2)3(2) = o) = HHO@ (14)

must hold.
The frequency response function of the scaling func-

tion Hy(w) is determined from (14). Since (f)(%)) =1lon

the interval [—4?7[ , 4?71 , and (f) (®) vanishes outside

[—4?7[ , 4?“} , we have Hy(®) = (Ap Qo) ifo e [_2?71 ,

2?71 and Hy(w) =0ifo € [—n, —2?7[} U [2?7[ , n]
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Fig. 2. Plots of functions: (a) |p (®)]> + |0p (® — 2m)[*: (I) |0 (@) + |Tp (@ — 21)%; (2) |Tp (@)  |Gp (o — 2m); and

a
3 Z up(zim - n) ,ou=—1,0, ...,4; (b) Hy(w) for the Kravchenko wavelet {ip (»)}; and (c) verification of the scaling equa-
I
n=1

tion: (1) Hy(0/2)§ (0/2), (2) $ (/2), and (3) Hy(e>/2).

Next, Hy(w) is extended periodically with a period of
27 (Fig. 2b):

Hy(o®) = Z ®(2(w + 2mn)).
neld

Substituting (15) into (14) shows that the scaling
equation holds (Fig. 2¢):

1(2)a(2) = Y b(o+2mm(2) = b@). (16)
ne”

Then the following theorem [6, 7] is true for Hy(®).

Theorem 3. If the shifts ¢,(x) = ¢(x — n) of the scal-
ing function ¢(x) form an orthonormal basis in V,, then
the frequency function Hy(®) has the property

|Hy(0)|* +|Hy(o + )] = 1. (17)

The proof of Theorem 3 follows from (13) and (15).
A geometric construction of (17) is presented in Fig. 3a.
According to [6], the first two MRA properties, which
are stated below as theorems, are also satisfied.

Theorem 4. If the shifts ¢,(x) = ¢(x — n) of the scaling

Junction ¢(x) form a Riesz basis in V;,, then (\V,; = {0}.
jeZ

Theorem 5. Suppose that the scaling function ¢(x) €
L*(R) satisfies condition (1), and let (f) (®) be bounded
Jor all ® and be continuous in the neighborhood of ® = 0.
Then \()V, = L*(R).

jeZ

Thus, we have constructed the Fourier transform
(Ap (o) of p(x) (Fig. 3b) generating MRA:
—47n/3

I ¢(®)cosoxdo. (18)

0

(15)

1 ¥ ~ iox 1
= — do = =
P (x) > j@(w)e o=
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Therefore, we can define an orthogonal basis obtained
by contractions and shifts of the wavelet y(x) € W,

Vi =V,OW, W, LV, W, L W, forallj, k 7, k#j),
which has many of the properties of (x). According to
[6, 7], the Fourier transform of \11 (®) (the Fig. 3c¢) is
defined as

~ i0/2 ® ~W
y(w)=e o7 + 7103

= (0 —-2m) + oo + 2n))<f>(%’). (19)

5. Let us show that the shifts y,(x) = y(x — n) form
an orthonormal basis [8]:

3 (o +2mm)* = 3" [f(w + 4nn)’

ne” ne”

+ Z (o + 27 + 4nn)|

neZ

2
HO(O—) + n)
2
() 2 ~[®
110(35) :EE? q)(;§'4'7t'+ 27T’a

ulges o

Relations (14), (17), and (19) imply that the
squares of the Fourier transform of wavelets and the
scaling function

2
~(®
= =+2 )
@(2 nn

2.

ne”

2
+

2

+ = 1. (20)
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Fig. 3. (a) Verification of the condition |Hy(®)|? + |Ho(® + m)* = 1: (1) [Hy(®)]> + |Hy(® + 1% (2) [Hy(w)|%; and (3) |Hy(w + m);
(b) plot of the scaling function ¢(x) of the Kravchenko wavelets {Up (w)}; and (c) \IJ (w) for the Kravchenko wavelet {Up (®)}:

() ¥ (®) and (2) ¢ (w).

W(2)* = [Hy(o + 1)’ [(0)

= (1 [Hy@Plo(@)" = o)~ 1920
have the property
(3|
R

Substituting the Fourier transforms of the scaling
function (f)(co) and the mother wavelet \]/(co) into
(21), we see that this property holds (Fig. 4a). This
suggests that, using the Kravchenko wavelets {p (o)}
and the scaling function of level j, we can obtain the
scaling function of level j + 1 (the principle of embed-
ded subspaces holds). Taking the inverse Fourier
transform of \11(0)) yields a wavelet in the spatial
domain of y(x) (Fig. 4b):

0(0)” + [W(0)* = Q1)

y(x) = 1 J.eim/ch)(ci))((b(w —27) + ¢(w + 2n)e " do
2n 2

~87/3
=1 j P(®/2)¢(o —2m)cosm(x + 0.5)dw.
" (22)

The Kravchenko function y(x) has all the proper-
ties required for a wavelet basis, specifically:

(@) vu(x) € LAR), [y, = 1.

(ii) The mean is zero: J‘\Vj” (x)dx = 0 or, equiva-
lently, y (0) = 0.

(iii) For any scale j, the shifts y,,(x) = y(x — n)
form an orthonormal basis.

The functions ¢@(x) and y(x) satisfy the scaling
equations

0(x) = N2 hp(2x-n),

nel

(23)

W) = 23 g,00x-n), g = (-1)"""h,,
neld

where {h,} are the elements of the filter H(w) =

ﬁ Hy(o) = Z h, e~ (low-pass decomposition fil-

ne”
ter), which are found by expanding H(®) in a Fourier

series:

h, = /2 j Hy(0)e" do. (24)
21

The coefficients of the filter {4,} (Table 1) satisfy the
condition

%22;1" = Hy(0) = 1.
nel

The other filters are defined in terms of H(w) as fol-
lows. The high-pass decomposition filter is

(25)

G(o)=e"H(o+1) = Z g.e "
nelZ
— Z (_1)n+ ]il_n_ le—imn;
net
the low-pass reconstruction filter is

H(w) = Ho) = Z hae ™" = z hone ™,
ne” ne”
DOKLADY MATHEMATICS Vol. 80
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and the high-pass reconstruction filter is

G(w)=e " H(w+n) = zgne_mw

nel

— Z (_1)}1— lhnile—inm.

ne”

The Kravchenko functions {p (®)} ¢(x), and y(x) are
not compactly supported. However, they decrease rap-
idly (since they are infinitely differentiable). There-
fore, effective supports supp(@.{(x)) and supp(W.q(x))
can be determined by the conditions

o = @eqf| x 100 < 0.0001%,

(26)
[w = weql x 100 <0.001%.

6. The supports of the new Kravchenko functions
{0p (0)} have the form supp(@.s(x)) = [-8, 8] and
supp(W(x)) = [—8, 8]. Then the number of coeffi-
cients of the filter {4,} is bounded (n=—16, ..., 16). The

Kravchenko wavelets {ip (®)} are similar in properties
to the Meyer and Kotelnikov—Shannon wavelets,
since their construction algorithms are similar. In this
context, the former have the following advantages:
they are symmetric and decrease much faster than the
Meyer wavelets, but they have a noncompact support.
In contrast to the Meyer wavelets, the functions (f) (®)

and  (w) for the Kravchenko wavelets {{Ip (w)} are
written as a unified analytical expression and belong to
the class of infinitely differentiable functions. The
localization of the Kravchenko wavelets {p (®)} in
time and frequency is much better than that of the
Kotelnikov—Shannon wavelets. A further comparison
with available wavelets has to be performed in terms of
effective support (26) and the uncertainty constants

779

Table 1. Coefficients of the filter 4, (24), (25) for the new
scaling function ¢(x) of the Kravchenko wavelets {up() }

n h,=h_, n h,=h_,
0 0.757698251288 17 0.000384982816
1 0.438708321041 18 0.000499860951
2 | —0.047099287129 19 | —0.000700388155
3 | —0.118027008279 20 0.000468702885
4 0.037706980974 21 0.000255769244
5 0.043603935723 22 | —0.000649033581
6 | —0.025214528289 23 0.000266223602
7 | —0.011459893503 24 0.000307507863
8 0.013002207742 25 | —0.000463771747
9 | —0.001878954975 26 0.000104807634
10 | —0.003758906625 27 0.000324973138
11 0.005085949920 28 | —0.000288500372
12 | —0.001349824585 29 | —0.000066833177
13 | —0.003639380570 30 0.000021430184
14 0.002763059895 31 | —0.000018524173
15 0.001188712844 32 | —0.000032851429
16 | —0.001940226446

AyA; and A, Ay . For a function f{(7), the latter are
defined according to [8] as

E3

Iy =

IAC )||

2 (27)
_ 1 wn2 2
Af - ”f(t)”[_i(t_tf) lf(t)| dtj )

n (a) y (b)
1.0+ —
08l /2 1 1.0} “
i 3
0.6 i i 0.5
! |
0.4 0
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Fig. 4. (a) Verification of the condition |¢ (@) + |y (@) =
(b) Plot of y(x) for the Kravchenko wavelets {Tp (@)}.
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Table 2. Physical characteristics of various wavelet systems

Uncertainty constants
Wavelets (§)(®) ssllllgg((csff;(();)))),
2 A(pAq; AWA\i’
: 3
Kravchenko {up(®) } z up(2—t+ n) [—8, 8] 0.87264 2.83008
n=-1 T
1,—%Es|m|sgﬂ,
3 3
n (3 D 2n 4n
SviZel-1]), L <o <
Meyer Cos(zv(2n|°°| g slel=3 (8, 8] 1.01148 3.27802
0 otherwise ®
v(x) = x*(35 — 84x + 70x2 — 20x%),
xe[0,1],vix)+v(l—x)=1
. 1, - < |0)| <7n 4 4
Kotelnikov—Shannon ) [—107%, 10%] 0 o0
0 otherwise ®
ACKNOWLEDGMENTS

jw\f(w)|

e ||2

12
[ j (0 -0 |[(o) do»j :

(28)

AA

" TRl
The uncertainty constants are a major physical char-
acteristic of wavelets, since they give complete infor-
mation on the space-frequency resolution of a func-
tion and the distribution of its energy. An important
point is that an uncertainty constant is invariant under
shifts, contractions, and scaling of the function. As a
result, this estimate is effective in the analysis of par-
ticular MRA schemes. The space-frequency localiza-

tion is characterized by the products A,A; and A Ay, .
Table 2 presents comparative physical characteristics
for the Kravchenko {Up (®)}, Meyer, and Kotelnikov—
Shannon wavelets.

7. Thus, we have proposed and justified a new sys-
tem of Kravchenko wavelets {p (o)} that has all the
properties of MRA. The Kravchenko wavelets were
compared with other known wavelets in terms of phys-
ical characteristics. The new wavelets were shown to
have a better time-frequency localization. The appli-
cation of the Kravchenko wavelets in digital signal
processing showed that they are effective in noise sup-
pression and signal and image compression [6]. The
theory of new wavelets will be developed as applied to
continuous analysis, wavelet batch analysis, multidi-
mensional wavelet transforms, digital signal and image
processing, wavelet analysis of cardiac signals, radi-
olocation, acoustic optics, and boundary value prob-
lems in mathematical physics [6].

This work was supported by the program “Leading
Scientific Schools” within the project “New Methods
Based on Atomic Functions, Wavelets, and Fractals
for Some Problems in Acoustic Optics, Radio Physics,
and Medicine,” project no. NSh-5708.2008.9.
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