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INTRODUCTION
In the last few years, significant attention has been

directed in different fields of science and technology to
the application of signals of novel forms. This interest
stimulated the development of new mathematical meth-
ods for signal processing. In particular, the wider appli-
cation of ultra-wideband (UWB) signals and their
increasing variety (ultrashort [1], directly-chaotic [2],
nonlinear [3], fractal [4], and UWB signals) has shown
the insufficiency of solely traditional methods of analy-
sis. We imply the methods of the dynamic Fourier
transformation and of the Fourier spectrogram. Nowa-
days, various modern methods of analysis begin to be
used successfully. Among them, there are various forms
of wavelet transformation (WT) (continuous WT, ana-
lytical WT, discrete, stationary WT, wavelet series,
wavelet packets) [5] and nonlinear transformations of
the Cohen class (Wigner transformation and Choi–Wil-
liam transformation) [6], as well as the atomic-function
(AF) theory [7–9].

Each of these transformations along with their
doubtless advantages also has certain disadvantages.

In the present study, we propose for the first time a
new transformation that combines the advantages of the
Wigner transformation and of atomic functions with the
decreasing role of their disadvantages.

FORMS OF THE WIGNER TRANSFORMATION
The Wigner transformation of the signal 
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by the relationship [10, 11]
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Here, the asterisk denotes the operation of complex
conjugation. The Wigner transformation is qua-
dratic with respect to the process under study (i.e.,
to the signal 
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). That is why the application of
this operation to the sum of two signals is associ-
ated with the appearance of an interference term of
the form

This term is the real-valued function of the variables 
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 are zero. The appearance of the interference terms
results in the detection of false signals.

There exist several different methods that make it
possible to reduce the level of the interference terms
as well as methods based on averaging the integrand
in relationship (1). One of these methods is known
[10, 11] as the Choi–William transformation. The
other one is the use of the frequency-smoothing win-
dow 
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 in the time region. As a result, we deal with
the so-called Wigner pseudo-transformation (WPT)
[11]
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The reduction in the level of the interference terms
leads to the deterioration of the frequency resolution.
For 
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 = 1, the WPT becomes the usual Wigner trans-
formation determined by expression (1). The third
method develops the concept of the second one: the
time smoothing window 
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 is exploited together with
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the window 
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. The corresponding transformation is
of the form
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It is called the Wigner smoothed pseudotransformation
(WSPT). For 

 

g

 

(

 

t

 

) = 
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, the WSPT becomes the WPT.
With improving the interference suppression, the fre-
quency–time resolution deteriorates. We should note
that, in the case when both windows 
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 are
Gaussian ones, the WSPT [11] transforms to the Fou-
rier spectrogram. The advantage of the Wigner transfor-
mation compared to the linear-processing methods is its
nonlinearity. This allows us to analyze efficiently sig-
nals obeying a non-Gaussian distribution law against
the background.

WEIGHT FUNCTIONS (WINDOWS) 
OF KRAVCHENKO 

AND OF KRAVCHENKO–RVACHEV

It is well known that atomic functions are widely
used in various physical applications [7–9]. In this
study, among the large variety of existing spectral win-
dows based on atomic functions, we choose the follow-
ing Kravchenko–Rvachev windows:
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These windows are constructed on the basis of atomic
functions 
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. The advantages
of the application of the Kravchenko–Rvachev weight
functions (windows) for performing digital signal anal-
ysis compared to other windows were shown in [7].

NEW CLASS OF KRAVCHENKO–WIGNER 
TRANSFORMATIONS

It seems rather reasonable and promising to
employ the Kravchenko–Rvachev spectral windows
in nonlinear digital signal processing. This approach
allows us to combine unique properties of both
atomic functions and nonlinear transformations. One
of the possible variants for the realization of this
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approach can be the involvement of the Kravchenko–
Rvachev weight functions in the WPT. Substituting
expressions (4)–(7) into (2), we arrive at a new type
of transformations

We call the transformations of this type the
Kravchenko–Wigner pseudo-transformations (KWPTs).
The other realization of the concept given above is the
involvement of the Kravchenko–Rvachev windows in
the WSPT. Upon substituting expressions (4)–(7) into
(3), we arrive at the following transformations:
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We call them the Kravchenko–Wigner smoothed
pseudo-transformations (KWSPT). It is self-evident
that we can also use in this case combinations of differ-
ent Kravchenko–Rvachev windows.
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DISCUSSION OF THE RESULTS

The results of the application of the new class of
Kravchenko–Wigner transformations is demonstrated
in Figs. 1 and 2, where the KWPTs and KWSPTs based
on the atomic function up(t) are used for analysis of
model ultra-wideband signals. In this case, we also
observe the suppression of interference terms, which, at
the same time, is associated with the reasonably good
frequency–time resolution. The KWPTs and KWSPTs,
being quadratic with respect to the signal under study,
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Fig. 1. Two ultra-wideband signals: (a) in the time region; (b) spectral-density function (SDF) for the Wigner transformation;
(c) SDF for the Kravchenko–Wigner pseudo-transformation; (d) SDF for the Kravchenko–Wigner smoothed transformation; and
(e) the Fourier spectrogram.
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can occupy a highly important place among other exist-
ing methods of the digital signal processing that have
become more and more propagated in recent years. The
efficiency of the new class of Kravchenko–Wigner
transformations can be manifested, e.g., in the analysis
of ultra-wideband signals in the presence of a back-
ground. The statistics of background signals noticeably
differs from that of normal ones. The linear processing
of these events turns out to be inefficient due to the cor-
relation between expansion components. The cost paid

for the advantages obtained is a certain deterioration of
the frequency–time resolution compared to the usual
Wigner transformation (1). However, the frequency–
time resolution of the KWPT and KWSPT is better than
that provided by Fourier spectrograms.

Thus, the KWPTs and KWSPTs belong to the new
class of nonlinear Kravchenko–Wigner transforma-
tions. They combine the advantages of both Wigner
nonlinear transformations and atomic functions. It is
reasonable and promising to apply the KWPTs and
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Fig. 2. Four ultra-wideband signals: (a) in the time region; (b) spectral-density function (SDF) for the Wigner transformation;
(c) SDF for the Kravchenko–Wigner pseudo-transformation; (d) SDF for the Kravchenko–Wigner smoothed transformation; and
(e) the Fourier spectrogram.
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KWSPTs for the analysis of new classes of signals
based on atomic functions, R-functions, and wavelets.
In contrast to classical narrow-band and broadband sig-
nals, the signals we deal with are localized in the time
region and require the corresponding frequency–time
resolution.
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